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We propose a mechanism of spin Hall effect in two-dimensional electron gas with spatially random Rashba
spin-orbit interaction. The calculations based on the Kubo formalism and kinetic equation show that in contrast
to the constant spin-orbit coupling, spin Hall conductivity in the random spin-orbit field is not totally sup-
pressed by the potential impurity scattering. Therefore, the intrinsic spin Hall effect exists being, however,
nonuniversal.

DOI: 10.1103/PhysRevB.82.121310 PACS number�s�: 72.25.Dc, 73.23.�b, 73.50.Bk

Spin currents are believed to be of great importance for
future spin electronics,1 as they offer the possibility of non-
magnetic manipulation of magnetic moments. Generally,
spin currents are associated with charge currents and can be
generated by various methods, such as, for instance, by elec-
tric field in magnetic systems or circularly polarized light in
nonmagnetic semiconductors. Of particular interest, how-
ever, are pure spin currents, where the flow of spins is not
accompanied by any electric current. Search for generation
techniques of pure spin currents, especially in nonmagnetic
semiconducting systems, is of high interest both for funda-
mental and applied physics. One of the possibilities of pro-
ducing pure spin currents relies on the spin Hall effect �SHE�
in nonmagnetic semiconductors with various types of spin-
orbit �SO� interaction, where uniform electric field causes a
transverse spin rather than charge current.

The existence of SHE in semiconductors with impurities
has been predicted by Dyakonov and Perel’.2 Since then sev-
eral mechanisms of SHE have been proposed3–5 and the ef-
fect has been observed in a number of experiments.6,7 It is
generally believed that two extrinsic mechanisms related to
the SO-dependent scattering by impurities, i.e., side jump
and skew scattering,8–10 can be responsible for the SHE in
metallic and semiconducting materials. In addition, a lot of
discussions in recent literature concerned the possibility of
SHE due to intrinsic SO interaction in disorder-free systems.
An extensively studied example of such a system is a two-
dimensional electron gas with constant Rashba SO
interaction,5,11 leading to the momentum-dependent spin
splitting of electron states. The theoretical efforts were espe-
cially focused on the possibility of equilibrium spin
currents12,13 and universal SHE �Ref. 5� independent on the
SO coupling strength. However, it turned out that the role of
impurities is crucial for this mechanism.14 It has been shown
that even in the limit of a very weak spin-independent disor-
der, the potential scattering from impurities suppresses the
SHE completely.15–21 In the case of random Rashba field
without impurity scattering, the SHE can be also nonzero, as
shown numerically within tight-binding model for a finite-
size system.22

Here we show that the intrinsic SHE does exist, paradoxi-
cally, in relatively dirty systems, where the SO coupling ap-
pears locally, but vanishes on average. Such a random spin

dynamics is common in symmetric semiconductor quantum
wells �QWs�,23 such as Si/SiGe �Ref. 24� and GaAs/AlGaAs
QWs grown along the �110� axis.25 Moreover, we show that
impurities play here the role less important than in the case
of uniform SO interaction—the spin Hall conductivity does
not vanish in the limit of small impurity density. This behav-
ior is qualitatively different from that for constant Rashba
SO interaction.

To describe the model under consideration we assume
Hamiltonian of electrons moving in the r= �x ,y� plane with

random Rashba SO interaction, Ĥ= Ĥ0+ ĤSO �in the follow-
ing we use units with ��1� with

Ĥ0 = −
�2

2m
, �1�

ĤSO = −
i

2
�x��y,��r�� +

i

2
�y��x,��r�� , �2�

where �i=�i−eAi /c, A is the vector potential of external
field, e and m are the electron charge and effective mass,
respectively, and �a are the Pauli matrices �a=x ,y ,z�. The
curly brackets �¯ � stand for the anticommutator of the ap-
propriate operators to ensure the Hermitian form of the
Hamiltonian. The random coupling parameter ��r� vanishes
on average, ���r�	=0, while the correlator C���r−r��
����r���r��	= ��2	F�r−r��, with all higher correlators re-
duced to the second-order one for the Gaussian fluctuations
of ��r�.

The spin current operator has the following form:26

ĵi
a =

1

4e
�ĵi,�a� , �3�

where ĵi=−c��Ĥ /�Ai� is the ith component of the current
operator �i=x ,y ,z�. We consider in-plane electric field E and
calculate the total spin current Ji

a. In the following we use the
gauge with vector potential A�t�=A0e−i�t, E=−c−1��A /�t�,
and at the end take the limit �→0 in the calculated response
function.27

Using Eqs. �1� and �3� one can write the matrix elements
of the spin current operator in the basis of eigenfunctions of

Ĥ0 as
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�k̄
ĵi
z
k�	 =

�kk�

2m
�ki −

eAi

c
��z, �4�

where k̄ includes the electron momentum k and spin compo-

nent �z. We note that the z component of spin current, ĵi
z,

does not contain any anomalous part explicitly dependent on
the SO coupling.

It is convenient to decompose the Hamiltonian Ĥ into two

terms, Ĥ= ĤA=0+ ĤA, where ĤA=0 corresponds to vanishing

vector potential �A=0� while ĤA appears at nonzero A. Ma-

trix elements of Hamiltonian ĤA=0 are,

�k̄
ĤA=0
k�	 =
k2

2m
�kk� + V̂kk�, �5�

V̂kk� =
�kk�

2
��x�ky + ky�� − �y�kx + kx��� , �6�

where �kk� is the Fourier component of the random Rashba

field. In turn, matrix elements of the A-dependent term, ĤA,
have the form

�k̄
ĤA
k�	 = −
ek · A

mc
�kk� +

e2A2

2mc2�kk� + Ŵkk�, �7�

Ŵkk� = −
e�kk�

c
��xAy − �yAx� . �8�

In the linear-response regime, only the first and third terms
on the right-hand side of Eq. �7� are relevant. The third term
clearly demonstrates the coupling of electric field to electron
spin via the Fourier component of the random Rashba field.
These two terms can be associated with two different elec-
tromagnetic vertices in the Feynman diagrams for system’s
conductivity: the first one leads to the conventional conduc-
tivity while the third one to the spin conductivity.

To calculate the spin Hall conductivity we apply the con-
ventional Kubo formalism27 using the retarded and advanced

Green’s function Ĝk
R,A= ÎGk

R,A, taken in the vicinity of the
Fermi level,

Gk
R,A =

1

�k − �F � i/2	
, �9�

where Î is the 2
2 unit matrix, �k=k2 /2m, �F is the Fermi
energy, and 	 is the total momentum relaxation time includ-
ing scattering from impurities �	0� and scattering by spin-
dependent Rashba potential �	SO�, 1 /	=1 /	0+1 /	SO. Since
the SO coupling vanishes on the average, the Green’s func-
tion, Eq. �9�, keeps exactly the diagonal form in the spin
subspace. The linear spin Hall conductivity is represented by
the sum of two Feynman diagrams in Fig. 1. We neglect
ladder corrections for spin current vertex since we assume
isotropic scattering by impurities. On the other hand, correc-
tions to the vertices corresponding to the random spin-orbit
coupling are small by the parameter R /��1, where R is a
characteristic length of the fluctuations in the Rashba inter-
action and � is the electron mean-free path. This situation is
completely different from the case of constant SO interac-

tion. Since the spin current operator does not include any
anomalous term, there are no diagrams with the correspond-
ing vertices including the random Rashba field. In other
words, the spin Hall effect is due to a spin-dependent correc-
tion to the distribution function only, as will be explicitly
verified later in the text by considering the kinetic equation
for the density matrix.21,28

We assume that the field is oriented along the y axis �Ax
=0, Ay �0� and calculate the spin Hall conductivity �sH de-
fined as Jx

z =�sHEy. One can easily verify that all other com-
ponents of the spin current are equal to zero. Calculating the
diagrams, taking the trace in the spin subspace, and integrat-
ing over the electron energy �, we obtain in the static limit
�→0,

�sH =
ie

2�m

kq

kx�kx + kx��C�q�Gk
R�Gk−q

R − Gk−q
A �Gk

A, �10�

where C�q�=C�q� for an isotropic system. We consider the
experimentally relevant case of weak SO coupling, where
	0�	SO and, therefore, 	 is very close to 	0. For the states
close to the Fermi surface, the difference Gk−q

R −Gk−q
A

=2i Im Gk−q
R can be presented in the form

Gk−q
R − Gk−q

A = − 2�i���F − �k−q� , �11�

which reflects the energy conservation. By using the result-
ing identity,

���k2 − �k − q�2�/2m� =
2m

q�4k2 − q2
��� − 1� + �� − 2�� ,

�12�

with  denoting the angle between k and q, and 1,2 being
two solutions of cos 1,2=q /2k, we arrive upon integrating
over k at

FIG. 1. �Color online� The Feynman diagrams leading to non-
vanishing contributions to spin current. Here the left vertex �filled
square� corresponds to the spin current operator, the right vertex
�filled circle� is the external field perturbation in Eq. �8� and the
white circle is the matrix element of spin-orbit coupling in Eq. �6�.
Upon averaging over disorder, the dashed line becomes the Fourier
component of the correlator of random Rashba SO interaction
C�k−k��.

DUGAEV et al. PHYSICAL REVIEW B 82, 121310�R� �2010�

RAPID COMMUNICATIONS

121310-2



�sH =
em	

4�2�
0

2kF

C�q��4kF
2 − q2dq , �13�

where kF is the Fermi momentum. Taking into account the
formula for the spin relaxation time 	s due to random SO
coupling, derived in Ref. 29 for ��R,

1

	s
=

m

�
�

0

2kF

C�q��4kF
2 − q2dq , �14�

we obtain

�sH =
e

4�

	

	s
. �15�

Equation �15� is our main result. It shows that �sH is nonuni-
versal and depends on both the disorder due to impurities
and random SO coupling. However, it is not zero under very
general assumptions of our model, which is qualitatively dif-
ferent from �sH=0 for the uniform Rashba coupling.18 Of
course, our finite �sH is not in contradiction to the result of
Ref. 18 since, in contrast to Ref. 18, the SO coupling is
disordered here. Even if the regular contribution, present in
real systems, is removed by the vertex corrections, the ran-
dom contribution in Eq. �15� remains and becomes the lead-
ing one.

The above result can also be obtained with the kinetic
equation for random Rashba SO interaction,21,29 which al-
lows a better insight into the problem. The kinetic equation
for the density matrix �̂k includes the usual field-dependent
term eE ·��̂0k /�k, which is responsible for the conductivity.

Here the unperturbed density matrix is �̂0k= Î f0��k�, where
f0��� is the Fermi-Dirac distribution function. Another
source of the perturbation in the electron distribution under
external field E is due to the spin-dependent scattering asso-
ciated with the fluctuating Rashba SO interaction, as given
by the third term in the right-hand side of Eq. �7�. As dis-
cussed above, the electric field produces a random field act-
ing on electron spin, which can be treated in the collision
integral.

Using the matrix elements in Eqs. �6� and �8� and assum-
ing that the perturbation due to SO interaction is small, we
find the following expression for the collision integral:

St�̂k =
1

	
��̂0k − �̂k� + St�E��̂k, �16�

St�E��̂k = 2�
k�

�V̂kk�Ŵk�k + Ŵkk�V̂k�k�


��̂0k� − �̂0k����k − �k� + �� , �17�

where St�E��̂k is the contribution from the random Rashba
field. Since we consider the linear response to Ey, in the last
term we take the equilibrium density matrix with �̂0k�− �̂0k
=�� f0��� /��. Upon the averaging over the SO disorder, we
obtain,

V̂kk�Ŵk�k + Ŵkk�V̂k�k = −
e

�
C�q��kx + kx���zEy . �18�

This term is the driving force for the spin current, as shown
in Fig. 2. The corresponding contribution to the collision
integral can be obtained with Eq. �12� as

Stk
�E� = − e

� f0

��

1

k

1

	s
� kx

k
�z�Ey . �19�

We present the density matrix as �̂k= �̂0k+��̂k+Sk�z and
with Eqs. �16� and �17�, find for the steady state,

Sk = − e
� f0

��

kx

k2

	

	s
Ey , �20�

describing spin split of the Fermi surface, corresponding to
Fig. 2. In the stationary state the spin-dependent force due to
the external field and random spin-orbit coupling in Eq. �18�
is balanced by the friction force due to the disorder, propor-
tional to 1 /	.

Having found the distribution function, we can calculate
the spin current. First, we calculate in the spin space Tr �kjx

z

with jx
z =kx�z /2m and obtain

Tr �kjx
z = − e

� f0

��

	

	s

kx
2

mkF
2 Ey . �21�

The total spin current is then equal,

Jx
z =� Tr �kjx

z d2k

�2��2 =
e

4�

	

	s
Ey . �22�

This result leads to �sH equivalent to Eq. �15�.
To consider an example, we assume the following form of

the correlator C�q�:23,29

FIG. 2. �Color online� Preferable spin-dependent scattering di-
rection by the effective potential in left-hand side of Eq. �18�,
shown by arrows attached to the circles. White and filled circles
correspond to spin components �z=1 and �z=−1, respectively. As a
result, the Fermi line becomes spin split with the preferable concen-
tration of spin-up electrons at kx�0 and spin-down ones at kx�0,
leading to the SHE.
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C�q� = 2���2	R2e−qR, �23�

achieved by doping quantum wells with charged impurities.
In the semiclassical limit of long-range correlations, kFR
�1, the integral in Eq. �14� becomes

1

	s
= 2kF

m

�
�

0

�

C�q�dq = 4m��2	kFR �24�

and the resulting spin Hall conductivity is

�sH =
e

�
m	��2	kFR . �25�

When kFR�1, the system is always in the dirty limit of very
long SO coupling-determined relaxation times. As a result,
the spin Hall conductivity is suppressed and tends to zero as
�kFR�2 with decreasing kFR. This is a general feature of the
finite-range correlators �similar to that in Eq. �23��, the effect
of which vanishes due to fast oscillations of the Rashba pa-
rameter on the spatial scale of the electron wavelength.

Now we can qualitatively discuss the clean limit 	0
�	SO. Here the spin conductivity is finite and does not de-
pend on the magnitude of fluctuating Rashba field since both
the relaxation rate and gain due to the external field are pro-
portional to ��2	. However, the clean limit requires a separate
analysis of the relaxation time scales, which will be consid-
ered elsewhere.

In conclusion, we have shown that the random Rashba
spin-orbit interaction can generate spin Hall effect, even in
the presence of impurities. This behavior is distinct from that
found for spatially uniform Rashba interaction, where in the
limit of small impurity concentration, the potential scattering
by impurities totally suppresses the spin Hall effect. In con-
trast to Ref. 30, where it was found that for the linear Rashba
coupling this suppression is a result of a sum rule for spin
conductivity, here the corresponding rule cannot be estab-
lished and the resulting spin current is not suppressed. We
mention that the comparison of conventional and
torque-related26 definitions of spin current shows that the re-
sult in Eq. �15� is independent of definition.

In systems with nonzero spin polarization, arising, for in-
stance, due to finite magnetization, the above discussed SHE
is closely related to the anomalous Hall effect. If the concen-
trations of spin-up and spin-down electrons are different,
spin separation leads to electric current which gives rise to
the anomalous Hall effect. Since the disorder in spin-orbit
coupling leads to the spin current, it can cause the anomalous
Hall effect, too.
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